Abstract-In this paper we explore some dynamic characteristics of the envelope of a bandpass Gaussian process, which are of interest in wireless fading channels. Specifically, we show that unlike the first derivative, the second derivative of the envelope, which appears in a number of applications, does not exist in the traditional mean square sense. However, we prove that the envelope is twice differentiable almost everywhere (with probability one), if the power spectrum of the bandpass Gaussian process satisfies a certain condition. We also derive an integral-form for the probability density function of the second derivative of the envelope, assuming an arbitrary power spectrum.
I. INTRODUCTION
The envelope of a bandpass Gaussian process is a slowly varying process that conveys useful information about the Gaussian process. For an arbitrary power spectrum, the envelope has a Rayleigh probability density function (PDF) [1] , while it has been shown by several authors, independently, that its first derivative has a Gaussian PDF [2] [3] [4] [5] [6] . However, only the conditional PDF of the envelope second derivative has been studied so far, assuming an even-symmetric power spectrum [7] .
On the other hand, in many real world cases such as wireless propagation channels where the scattering of waves might be nonisotropic, experimental results have shown that the underlying random process has a nonsymmetric power spectrum in general [8] . So, the assumption of having a power spectrum which is not necessarily even-symmetric is far from being of just intellectual or theoretical interest and we need to take into account this fact in deriving the PDF of the envelope second derivative.
The first derivative of the envelope can be shown to exist in the mean square (MS) sense.
However, we prove that the second derivative does not exist in the MS sense. It seems that this fact has been overlooked in those studies [1] [7] [9] [10] [11] [12] where the second derivative of the envelope has been of concern. Obviously, until it can be demonstrated that the envelope is twice differentiable in some sense, it is meaningless to talk about its PDF and the associated statistical properties. In this paper we show that the second derivative of the envelope exists almost everywhere (AE). Using the equivalent terminology, the envelope is twice differentiable with probability one. This allows us to talk about the PDF of the envelope second derivative and its statistical characteristics.
The rest of the paper is organized as follows. In Section II we prove that the envelope is twice differentiable in the AE sense and not the MS sense. In order to derive the PDF of the envelope second derivative for the general case, i.e., an arbitrary power spectrum, we derive the joint PDF of the envelope and phase and their first two derivatives in Section III. Then we show that the PDF of the envelope second derivative can be expressed in terms of a single-fold integral, which cannot be solved analytically and needs to be computed numerically. The paper concludes with a summary given in Section IV.
II. SECOND-ORDER DIFFERENTIABILITY OF THE ENVELOPE
According to the Rice's representation [13] [14], a stationary, bandpass, and zero-mean Gaussian process ( ) I t can be written as:
where m f is a representative midband frequency, and ( ) c I t and ( ) s I t are two joint stationary, lowpass, and zero-mean Gaussian processes. Using the polar representation we obtain:
in which ( ) R t and ( ) t Θ are the envelope and phase of ( ) I t , respectively, defined by:
In order to investigate the first-and the second-order MS differentiability of R(t), we need the autocorrelation function of ( )
where n b is the nth spectral moment of ( ) 
We assume that both ( ) g τ and ( ) h τ are differentiable up to order four.
Based on the following relations, obtained according to (5) and (6):
it can be easily verified that: 
where dot denotes differentiation with respect to τ . Now we list some properties of the hypergeometric function [16] , which we need in the sequel: Based on (4), (8) , and (9) we obtain: . However, according to (4), (8) , and (9), we obtain the following relation:
which simplifies to (4) [ ] E R′′ = ∞ for an even-symmetric power spectrum, in agreement with our finding for the more general case of an arbitrary power spectrum.
So far, we have shown that the envelope is not twice MS differentiable. Nevertheless, in the following theorem, we prove that the envelope is twice AE differentiable:
Theorem: For the stationary, bandpass, and zero-mean Gaussian process ( ) I t in (1), with the one-sided power spectrum ( )
for some real 0 α > . Then ( ) R t , the envelope of ( ) I t , is twice AE differentiable. In other words,
′′ exits almost everywhere (with probability one).
Proof: Let us define the lowpass-equivalent complex envelope of 
, where * denotes the complex conjugate 1 . Based on (6), it is easy to verify that ( ) w f is the Fourier transform of ( ) τ ℜ . Using the new notation, the condition in (12) can be expressed in terms of 
I t I t I t I t R t R t
( ) R t ′ exists with probability one, as ( ) c I t ′ and ( ) s I t ′ exist with probability one.
To complete the proof, we take the derivative of (13) which yields:
I t I t I t I t I t I t R t R t R t
Since we have shown that all the derivatives in (14) The instantaneous power, defined by
, is a process of interest in some applications [18] and inherits several properties of ( ) R t . 3 According to [18] , p. 60, the autocorrelation function of
Since we have already assumed that both ( ) g τ and ( ) h τ are differentiable up to order four, the fourth derivative of ( ) P τ ℜ exists at 0 = τ , which implies that ( ) P t is twice MS differentiable. Therefore, in those applications where ( ) P t can be used in place of ( ) R t , one can still employ the notion of MS differentiability.
We end this section with an interesting observation. The derivative of the phase in (3), ( ) t ′ Θ , is another process of interest in fading channels, as it represents the random frequency modulation (FM) of the fading signal in wireless channels [20] . Similar to ( ) R t ′′ , it is proved in Theorem 9.3 in p. 73 of
exists in the AE sense and not the MS sense. Other examples of such a process can be found in p. 537 of [21] and p. 67 of [22] . 3 For example, every maximum of ( ) R t is a maximum of ( ) P t . This fact is used in [19] to calculate the expected number of maxima of ( ) R t , a problem which is easier to solve for ( ) P t . 
III. ( )
The PDF of rect V can be written as: 
where: 
I R R I R
where we have the six dimensional random 
Based on (19) , it can be shown that 
Note that in our case 
Simplification of the above result yields: 
and: 
To check the validity of (27)- (30), we consider some known results. Integration of (28) 
. It is easy to verify As can be deduced from (27) and (29), R′ is a Gaussian random variable, independent of R and w f about m f , these properties are given in [7] and p. 75 of [24] . It may be worth mentioning that although the random variable R′ is independent of R and R′′ , it does not necessarily mean that the random process ( ) R t ′ is independent of ( ) R t and ( ) R t ′′ . For example, as suggested by one of the referees, it can be easily shown that ( ) R t ′ and ( ) R t are dependent random processes. In fact, the crosscorrelation function between ( ) R t and
= for all t and τ , according to (29) .
, which implies that ( ) R t and ( ) R t ′ are dependent random processes. Another example of this sort can be found in p. 170 of [15] .
To obtain ( )
The integral in (31) has not been addressed in [23] and seems that cannot be written in terms of known mathematical functions. However, in Appendix A we derive a closed-from expression for ( , ) 
In Fig. 2 
The multivariate joint PDF of ( ) R t is given in [25] and [26] , in two different complicated forms (see also Theorem 6 in p. 37 of [27] ). For the trivariate PDF, which we need in (38), the reader may refer to p. 92 of [17] , p. 67 of [28] , or [29] (see also [30] ). However, deriving an expression for ( )
on the representation given in (38), seems to be very hard. On the other hand, a quick look at [31] immediately reveals that even for a symmetric power spectrum, the bivariate PDF of ( ) R t ′ is so complicated that makes (39) useless for our purpose. So, neither (38) nor ( 
IV. CONCLUSION
In this paper and for a bandpass Gaussian process with any power spectrum, we have shown that the envelope second derivative does not exist in the mean square sense. However, we have proved that the envelope is twice differentiable almost everywhere (with probability one), provided that the power spectrum of the Gaussian process meets a certain condition. We have also derived an integral-form for the probability density function of the envelope second derivative. One immediate application of the results of this paper is the characterization of the dynamic behavior of multipath fading channels [32] [33], where the derivatives of the envelope and the associated probability density functions are of concern. 
